This paper presents statistical models for the generation of bi-axial earthquake ground motion time histories with spectra that match those from samples of ground motion records. The model parameters define near-field characteristics such as pulse velocity and pulse period, far-fault characteristics such as velocity amplitude and power spectral density, and envelope characteristics. The samples of ground motions used in this study were previously selected and scaled to be representative of particular hazard levels in particular geographical regions. A companion paper presents the fitting of the model to samples of ground motion waveforms. In this paper, the new concept of a parameter-response correlation spectrum establishes the period-dependence of the correlation between the response spectrum and ground motion parameters. Parameters that correlate to variability of the response spectra are retained as random variables and are then fit to mean and mean-plus-standard deviation of bi-axial response-spectra of the samples of historical records. Parameter statistics also include correlations between velocity amplitudes and pulse periods.
INTRODUCTION
Peak seismic response statistics of structures that behave with certain nonlinearities including, but not limited to, discontinuities (e.g., impact and fracture), may be poorly represented by common distributions (e.g., lognormal). In such cases the computation of peak response distributions requires many simulations; the sample size required to characterize the peak response distribution may exceed the of number of available natural ground motions characteristic of the hazard at a site. Nevertheless, as demonstrated by Dickinson and Gavin (2010) and others, parameters characterizing a sample of natural ground motions are well-characterized by lognormal distributions. Such parametric ground motions models may then be used to generate any number of additional ground motions representative of the sample.
The suites of ground motion records developed for the SAC Steel Project were intended to represent ground motions with an exceedance probability (e.g., 2% in 50 year or 10% in 50 year) for a representative geographical region (e.g., Los Angeles or Seattle) for a NEHRP site category S D (firm soil). In addition, a data set representative of near-fault ground motions near Los Angeles was developed. Ground motions were selected and scaled based upon an approximate deaggregation for each region and local soil condition, with some preference toward records from nearby or representative ruptures (Somerville et al. 1997) . Each pair of horizontal components was scaled by a common scaling factor. The scaling factor minimized the weighted sum of the squares of the differences between the geometric mean spectrum from the records and a 1995 uniform-hazard spectrum for a NEHRP S D site in the selected region. The spectra were matched at periods of 0.3, 1.0, 2.0 and 4.0 s with associated weights of 0.1, 0.3, 0.3, and 0.3. In this sense each pair of ground motions was scaled to approximate a uniform-hazard spectrum (Somerville et al. 1997) .
Each suite provides a sample of ten bi-axial ground acceleration records, with the exception of the near-fault set which contains twenty tri-axial records. Within each suite paired horizontal ground motion records are rotated 45 degrees from their fault-normal and fault-parallel directions (Somerville et al. 2009 ). Well over one hundred published studies have made use of this ground motion database, e.g., (Chang et al. 2002) , (Lee and Foutch 2002) , (Wen and Song 2003) , (Yun et al. 2002) .
A companion study (Dickinson and Gavin 2010) examined the wave form characteristics of five of these data sets: Los Angeles 10% in 50 yr ("la10in50"), Los Angeles 2% in 50 yr ("la2in50"), Seattle 10% in 50 yr ("se10in50"), Seattle 2% in 50 yr ("se2in50"), and the near-fault ("nrfault") data sets. Each of the twenty or forty records in each of the five data sets were individually and systematically fit via constrained non-linear least squares methods in order to determine estimates and standard errors for eleven ground motion parameters. The eleven parameters describe the power spectral density of the stochastic content of the record (central ground frequency, f g , and damping ζ g ), the envelope of the stochastic part of the record (rise time, τ 1 , constant time, τ 2 , and decay time, τ 3 ), the peak velocity of the stochastic part of the record (V s ), and the pulse (peak pulse velocity, V p , pulse period, T p , number of pulse cycles, N c , phase of the pulse, φ, and the pulse arrival time, T pk ). Ground motion parameter estimates and their standard errors result in empirical cumulative distribution functions and distribution statistics (mean and variance) for each parameter for each data set (Dickinson and Gavin 2010) .
Synthetic ground motion records are generated from model parameters as follows. A stochastic acceleration record is generated from power spectral density parameters (f g , ζ g ) over a specified frequency range (f lo to f hi ) by the method of spectral representation (Shinozuka and Jan 1972; Shinozuka and Deodatis 1991) . The stochastic acceleration is then time modulated with an envelope function (τ 1 , τ 2 , τ 3 ) and integrated (in the frequency-domain) to give a stochastic velocity record. The stochastic velocity record is scaled to the specified amplitude, V s . A velocity pulse (T p , V p , N c , T pk , φ) is generated and added to the stochastic velocity. The combined velocity is then differentiated (in the frequency-domain) to give the final synthetic ground motion acceleration. Frequency components above f lo are used in the frequency-domain integration of acceleration records. Frequency components below f hi are used for the differentiation of velocity records. Expressions used in the waveform synthesis are given in (Dickinson and Gavin 2010) .
The parameter estimates developed in the companion study demonstrate that the variability of wave form characteristics represented in each data set are well-characterized by lognormal distributions. While these distributions provide insight into the temporal characteristics of each data set, the effect of these earthquake ground motions on structures is of primary importance for performance-based design. This study examines the parametrization of five of the SAC data sets in terms of response spectra.
PARAMETER-RESPONSE CORRELATION SPECTRA
The relationships between ground motion parameters and structural response parameters have been investigated recently through a variety of methods (Cordova et al. 2001) , (Baker and Cornell 2006) , (Baker and Jayaram 2008) , (Baker 2007) . Correlation analysis between ground motion parameters and structural response parameters gives a clear picture of the effect that various earthquake ground motion characteristics have on structural response. The new concept of a parameterresponse correlation spectrum is introduced here in order to investigate the association between response spectra and ground motion parameters. Parameter-response correlation spectra give the statistical correlation between a ground motion waveform parameter and the peak response of a structure of a given natural period and damping. These spectra are computed by generating many (a thousand or more) ground acceleration records using parameters drawn from (uncorrelated) statistical distributions of ground motion model parameters. For each generated set k of parameters, p k , a corresponding ground motion and its response spectrum, s k , are computed and the covariance V P i ,S j between parameter P i and response spectrum value S j (at natural period T j ) is updated recursively,
where the averages of each parameter and response spectrum ordinate are also updated recursively,
The Pearson correlation between parameter P i and response spectrum value S j (at natural period T j ) is
In this study, response spectra and correlation spectra for linear elastic structures with five percent damping are evaluated. Correlation spectra for acceleration response and displacement response are identical. This should not be the case for responses of inelastic structures.
Parameters with correlation values within the range of ±10 percent over the entire range of natural periods do not systematically affect response variability, and are treated as constants in the development of statistical models consistent with the historical earthquake ground motion data sets.
The correlation spectra in this study are generated from 1000 ground motion simulations for each of the five SAC data sets considered. In this analysis, the eleven ground motion parameters were taken as uncorrelated lognormal random variables with means, variances, and offsets obtained from the fits of the original SAC ground motion waveforms (Dickinson and Gavin 2010) . In order to capture the transient response of long-period structures, the simulated earthquake ground motions had a minimum duration of sixty seconds. Padding earthquake ground accelerations with zeroes for the first five seconds reduces errors associated with the frequency-domain integration method used here (Dickinson 2008) , (Boore 2005) .
Correlation spectra for each of the eleven parameters are shown in Figure 1 . In Figure 1 , |R| max refers to the spectral displacement from a single-component ground motion record. Results from each data set for each parameter are plotted together. The ground motion parameters that correlate most significantly to peak response statistics (in order of decreasing correlation) are: the peak velocity of the stochastic part of the ground motion, V s , the peak pulse velocity, V p , the pulse period, T p , the central frequency of the stochastic ground motion, f g , and the number of cycles in the pulse, N c . Correlation between the stochastic ground velocity, V s , and peak response characteristics are significant for structures of all periods (0.1s < T n < 10.0s) and for the five SAC data sets considered. Correlations between V s and peak responses drop off for longer period structures (especially for the Los Angeles data sets), but remain significant (> 0.1), nonetheless. The pulse velocity amplitude, V p , is significantly correlated to the responses of long-period structures (T n > 1 s) and is significantly correlated to the response of structures of all periods for the "nrfault" data set. The pulse period, T p , is negatively correlated to peak responses at periods from 1 to 3 seconds and is positively correlated at periods from 3 to 10 seconds, especially for the "nrfault", "la2in50", and "la10in50" suites. The central frequency of the stochastic content, f g , is somewhat correlated to the peak responses of short-period structures (T n < 1 s), and the number of cycles in the pulse, N c , is only slightly correlated to peak responses of long-period structures (T n > 1.5 s) for the "la2in50" and the "la10in50" suites.
Correlations of peak responses to the other ground motion parameters are within ±10 percent. The importance of the pulse phase, φ, has previously been found to be insignificant (Mavroeidis and Papageorgiou 2003) , (Mavroeidis et al. 2004 ). This result is confirmed here.
Based on these correlation spectra, a ground motion model involving a reduced number of random variables is proposed. The ground motion variables that are important to the response of linear elastic structures (with five percent critical damping) are V s , V p , T p , and f g . The variability in peak responses due to variability in the remaining ground motion parameters is small in comparison.
CORRELATIONS BETWEEN HORIZONTAL VELOCITY COMPONENTS AND PULSE PERIOD
The transient response analysis of asymmetric structures (with lateral-torsional modes) requires the specification of ground motions as paired horizontal components. This study adopts the designations "X" and "Y" for the paired horizontal components. The X and Y components of the pulse velocity, V pX and V pY , and the peak stochastic velocity, V sX and V sY , are taken as identicallydistributed and partially-correlated parameters. For physically-motivated reasons, the pulse period, T p , and the ground frequency, f g , for ground motions in the X and Y directions are considered to be identical. Further, the ground frequency is assumed uncorrelated with the other five random variables. The bi-axial ground motion model therefore involves six random variables, five of which are correlated.
Correlations among V pX , V pY , T p , V sX , and V sY , are estimated from previously-identified parameter values (Dickinson and Gavin 2010) . For a data set containing m X records and m Y records, the m parameter estimates V pXi , V pYi , T pXi , T pYi , V sXi , and V sYi , are arranged in a 2m-by-5 matrix P,
Values for the X and Y components of the pulse velocity and stochastic velocity parameters are repeated for each pulse period value. Since offset lognormal distributions represent the variability of these parameters, their standardized values are given by the 2m-by-5 matrix Z,
where p o is row-vector of parameter offsets given in Table 3 of (Dickinson and Gavin 2010) , 1 is a 2m-by-1 vector of 1's,p is a row-vector containing the average of the columns of the matrix This method captures correlations between the individual measurements of pulse period and each of the X and Y components of the pulse amplitude and the peak stochastic velocity. The resulting 5-by-5 correlation matrices for each data set are given in Table 1 . As would be expected, pulse amplitudes (V pX and V pY ) and peak stochastic velocities (V sX and V sY ) are positively correlated. Standardized pulse periods are negatively correlated with standardized pulse velocities. The correlations between peak stochastic velocities and pulse parameters depend substantially on the data set from which they were estimated.
GENERATING SAMPLES OF GROUND MOTION PARAMETERS AND WAVEFORMS
Given means, variances, offsets, and correlations for lognormal waveform parameters corresponding to a particular ground motion suite, a sample of waveform parameters may be generated. The lower Cholesky factor, L, of the standardized parameter correlation matrix is used to generate correlated standard normal samples, Lz, from which correlated lognormal samples for V pX , V pY , T p , V sX , and V sY are computed.
The "offset" values, p o , listed for V s and T p in Table 2 enforce a non-zero minimum value for these parameters. Extremely large values of V p , T p , and V s are avoided by specifying that the generated parameter fall below an allowable limit,
where the number of standard deviations, n, should be between 3 and 4. Additionally, the arrival time of the pulse is restricted such that its arrival is neither too early nor too late to meet physical expectations about impulsive behavior of ground motions. The pulse arrival time should be later than the start of the strong ground motion and within the first quarter of the duration of the record.
If a set of random variables does not meet these requirements, the set is discarded and another set of parameters are generated. Given a sample of ground motion parameters, a sample of associated waveforms may be generated using the method described briefly in the Introduction and completely in (Dickinson and Gavin 2010) .
RESPONSE SPECTRA COMPATIBLE MODEL FOR BI-DIRECTIONAL GROUND MOTION
Some adjustment to the parameter statistics, informed by correlation spectra, is required to fit the ground motion model to response spectra. In the fitting of the ground motion model to response spectra of the original data sets, parameters N c , T pk , φ, τ 1 , τ 2 , and τ 3 were fixed to the mean values shown in Table 2 . The means and variances of V p , T p , V s , and f g , and deterministic values of ζ g , f lo , and f hi were adjusted (by trial and error) in order to match the mean and variance of the SAC response spectra.
The average and standard deviation of bi-axial response spectra (with 5% of critical damping) were calculated for each of the original SAC data sets using the paired horizontal ground motion records. In this study the bi-axial spectral response, max |R(T n )|, is the peak magnitude of the response components r x (t; T n ) and r y (t; T n ) (in the X and Y directions),
where the responses r x (t; T n ) and r y (t; T n ) are the responses in the X and Y directions of a bi-axial oscillator of natural period T n (and 5% critical damping) to ground accelerations applied simultaneously in the X and Y directions. Similarly, bi-axial response spectra were calculated for 1000 pairs of synthetic ground motions drawing ground motion parameters from the sample statistics for each SAC data set. Within each bi-axial time history analysis total acceleration responses, max |A(T n )|, and relative displacement responses, max |D(T n )|, were computed independently. Means and standard deviations of the random ground motion parameters were adjusted to match the response spectra for each ground motion data set, in terms of its mean and variance of acceleration and displacement response. In an effort to realistically model potentially large motions, priority was given to matching the mean and the "mean plus one standard deviation" response spectra. Figure 2 qualitatively describes the sensitivity of acceleration and displacement response spectra to variation in ground motion parameter statistics. The pulse velocity was adjusted to match the response at long periods and the peak stochastic velocity was adjusted to match the response at short periods. Increasing f g increases acceleration response and decreases displacement response. Increasing V p increases the responses of structures with natural periods around T p . Increasing ∆T p increases the range of natural periods affected by the pulse, and increasing ∆V p and ∆V s increases the standard deviation of the response spectrum. Spectral responses of the SAC records at short and long periods indicate that the frequency limits for the stochastic part of the ground motion, f lo and f hi , should be included as parameters in order to match response spectra. To match the Los Angeles data sets, the frequency range should be 0.1 Hz to 9 Hz and to match the Seattle data sets, the frequency range should be 0.1 Hz to 20 Hz.
The resulting adjusted parameter means and standard deviations for the bi-axial response spectracompatible model are shown in Table 2 . As compared to parameter values fit to waveforms, the pulse velocity decreased and the peak stochastic velocity increased (with the exception of the "nrfault" data set). On the other hand, the variability in the pulse velocity increased (except for the "nrfault" data set). For the "nrfault" suite, the mean pulse velocity, mean ground damping, and the variance of the ground frequency fit to waveforms are significantly lower than those fit to response spectra. For the "nrfault" records, the variance in the pulse velocity fit to waveforms is larger than that fit to response spectra. The adjustments to pulse period statistics were minimal and showed no uniform trends. The mean and variance of the ground frequency increased for the Seattle data sets. These results indicate that, except for near-fault scenarios, fitting ground motion parameters to wave forms tends to overestimate pulse amplitudes and underestimate the variability in pulse amplitudes, as compared to parameters fit to response spectra.
The bi-axial response spectra for the SAC data sets are compared to spectra from the parameterized model in Figures 3 through 7 . In most cases, the "mean minus one" model spectra also match the "mean minus one" spectra from the original data sets. Although not shown here, response spectra for 2% and 20% damping show that the model is response-spectrum-compatible at multiple levels of damping (Dickinson 2008) .
The sequence of generating synthetic earthquake ground motions for two of the five ground motion suites is illustrated in Figures 8 and 9 . Figure 8 illustrates the synthesis process for the "nrfault" parameters and Figure 9 illustrates the process for the "se10in50" parameters: the limiting cases of the most and least significant pulses. The power spectral density of the synthetic ground motion is compared to the target power spectral density as defined by the ground frequency and ground damping parameters. Note that the significant variability among power spectra computed from a set of synthetic records is due to their short and transient nature. In many cases, long period and high amplitude peaks occur in the stochastic velocity record. Many of these peaks are similar to peaks in the original data set and would have been identified as a velocity pulse in fitting the model to waveforms. Such occurrences directly support the conclusion that fitting ground motion parameters to waveforms can overestimate pulse amplitudes and underestimate the amplitude of The adjusted ground motion parameter statistics provide a bi-axial ground motion model calibrated to the ground motions of the SAC data sets. This model contains the means, standard deviations, correlations, and offsets for ground motion waveform parameters. It also specifies the frequency range required for generation of stochastic ground motion content. The model captures the mean and variability of response spectra through six random variables and is shown to be accurate in terms of displacement and acceleration responses for a range of natural periods from 0.1 sec to 10 sec, and for damping ratios from 2 percent to 20 percent. This model is implemented in Matlab code available at: http://www.duke.edu/˜hpgavin/groundmotions/.
SUMMARY AND CONCLUSIONS
Synthetic ground motions are generated via the superposition of a long-period pulse with a stochastic acceleration record generated from a power spectral density function and modulated by an envelope function. In this study, parameter statistics have been calibrated to the mean and variance of response spectra from a number of ground motion data sets, but could be fit to other spectra as well. Synthetic ground motion records generated using this model qualitatively match the wave form characteristics of the original records as well as their response spectra.
Parameter-response correlation spectra, as introduced in this paper, illustrate correlations between the parameters of synthetic ground motion models to peak structural responses as a function of natural period. Such spectra indicate the association between peak structural responses and parameters of synthetic ground motion models. In this study, a ground motion model having thirteen parameters (pulse velocity, pulse period, number of pulse cycles, pulse phase, arrival time of the pulse, peak stochastic velocity, central frequency of the stochastic content, bandwidth of the stochastic content, envelope rise time, envelope constant time, envelope decay time, low frequency limit, and high frequency limit) was fit to spectra from five sets of earthquake ground motion records. The pulse velocity, the pulse period, the peak stochastic velocity, and the ground frequency correlate significantly (greater than ten percent) to peak structural responses. These parameters are random variables in the ground motion model while the remaining parameters take constant values.
The resulting bi-axial ground-motion model includes correlations between horizontal components of the pulse velocity and random velocity amplitude, and the direction-independent pulse period. The bi-axial model was used to simulate 1000 synthetic accelerations for each data set and the average response spectra for these ground motions were calculated and fit to corresponding spectra of the ground motion data sets. The mean pulse amplitudes were less than those fit to the waveforms, except for the near-fault data set. The stochastic velocity amplitudes have a coefficient of variation (c.o.v.) of approximately 50%. The c.o.v. of the pulse velocity amplitude for the Los Angeles and the Seattle 10% in 50 years sets was approximately 100%. The c.o.v. for the ground frequency for all data sets is approximately 10%.
The methods described in this paper should be extended to confirm the ground motion model for inelastic response spectra before application to hysteretic or collapse-sensitive structures. It is anticipated that duration parameters such as number of cycles of a pulse and envelope parameters will have a more significant impact on the response of these structures and would need to be included in the set of random variables of the model. The correlation spectra for acceleration response and displacement response were nearly identical for the 5% damped, elastic case. It is expected that this would not be the case for inelastic structures, and correlation spectra for acceleration and displacement response of inelastic structures would need to be evaluated separately. 
